Abstract. The main object of this paper is to study the class T¿ iC (a, β) of analytic functions with negative coefficients and with fixed second coefficients. Among other results of interest, we derive coefficient estimates, closure properties involving convex linear combinations, growth and distortion theorems, and radii of starlikeness and convexity for functions in the class T* c (q, β). Many of these results are further extended to hold true for families of functions with finitely many fixed coefficients.
Introduction
Let A denote the class of functions / of the form: for η G iVo = Ν U{0} and 2 G U, where N={ 1,2,...}. This symbol £>"/(*) has been named by Al-Amiri [1] the n -th order Ruscheweyh derivative of /. We note that D°f(z) = f(z) and DV(z) = */'(*). Using the Hadamard product defined by (1.3), Ruscheweyh [5] observed that, if for some α(0 < α < 1), β(0 < β < 1) and η G iV0.The class Τ*(a, β) was studied by Patel and Acharya [4] . Prom (1.8) and (1.10) it follows that a function / G Τ belongs to the class T*(a,/3) if and only if '£> n+1 /(z) (1.11)
D n f(z)
For the class T*(a, β) Patel and Acharya [4] showed the following lemma: LEMMA 1. Let the function f be defined by (1.9). Then f G Τ*(α,β) if and only if
The result is sharp.
In view of Lemma 1, we can see that the coefficient 02 of the function / defined by (1.9) and belonging to the class Τ*(α,β) satisfies the inequality Thus we let T* c (a, β) denote the class of functions / in β) which are of the form
We note that by specializing the parameters η, α, β and c, we obtain the following subclasses studied by various authors : 1. T¿ A {a, 1) = T*(a) and T^a, 1) -C*(a) (Silverman [6] ); 2. Τ 0 *ι(α,/3) = S*(a,ß) and Τ^α,β) = C*(a,ß) (Gupta and Jain [2] ); 3.7¿(a,l) = J£(a) (Hossen [3] ); 4. r 0 * c (a, 1) = T*(a) and T^a, 1) = C*(a) (Silverman and Silvia [7] ); 5. T 0 * c (a,β) = Τ*(α,β ) and Τ^α,β) = C* c {a,ß) (Uralegaddi and Ganigi [8] ); 6. T* c (a, 1) = Ä* >c (a) represents the class of functions / of the form (1.14) satisfying the condition or For the class T* c (a, β) of analytic functions with negative coefficients and fixed second coefficients, defined above, we shall derive a number of interesting properties and characteristics (including, for example, coefficient estimates, closure properties involving convex linear combinations, growth and distortion theorems, and radii of starlikeness and convexity). We also extend many of these results to hold true for analogous classes of functions with finitely many fixed coefficients.
Coefficient estimates for the class T* >c (a, β)
THEOREM 1. Let the function f be defined by (1.14) . Then f € T* c {a,ß) if and only if oo
where <5(n, k) is defined by (1.7). The result is sharp.
Proof. Putting m -n+^iU in Lemma 1 and simplifying the resulting inequality, we readily arrive at the assertion (2.1) of Theorem 1. The result is sharp for the function / given by
COROLLARY 1.
Let the function f defined by (1.14) be in the class T* c (a, β). Proof. Let the function / be defined by (1.14). Define the function g by
Assuming that / and g are in the class T* n (a, β), it is sufficient to prove that the function h defined by
is also in the class T* c (a,ß). Since
with the aid of Theorem 1. Hence h e T* c(a,ß). This completes the proof of Theorem 2.
• THEOREM 3. Let the functions
is also in the class T* c(a, β), where
Proof. Combining the definitions (3.5) and (3.6), we have
where we have also used the relationship (3.7). Since fj € T*c(a, β) for every j = 1,2,.,.,πι. Theorem 1 yields Thus we obtain
is in the class T* c(a, β) if and only if it can be expressed in the form
A fc >0 and^2\ k = 1. k=2 Proof. We suppose that / can be expressed in the form (3.12). Then we have
it follows from (2.1) that / is in the class T*c(a,ß). Conversely, we suppose that / defined by (1.14) is in the class T*c(a, β). Then, by making use of (2.4), we get 
Growth and distortion theorem for the class T* c (α, β)
Lemmas 2, 3 and 4 below will be required in our investigation of the growth and distortion properties of the general class T* c (a, β).
LEMMA 2. Let the function fa defined by
Then, for 0 < r < 1 and 0 < c < 1,
with equality for 0 = 0. For either 0 < c < cq and 0<r<ro or Co < c < 1,
with equality for θ = π. Furthermore, for 0 < c < cq and ro < r < 1, Proof. We employ the same technique as that used by Silverman and Silvia [7] . Since 
2ß(l-a)(l-c) a [1 + ß(2 -α)](η + 1)(η + 2)
with equality for fa at ζ = r, and The result is sharp. 3(1 -a)c(l -c)r 2 -c[ 1 + /3(2 -a) < IH --r.
The result is sharp. The result is sharp, the extremal function being given by Hence / is starlike of order ρ in |z| < ri(n, α, β, c, p) provided that
We find the value tq = ro(n, α, ß, c, p) and the corresponding integer feo(ro) so that
Then this value ro is the radius of starlikeness of order ρ for functions / belonging to the class T*c(α,β), m
In a similar manner, we can prove the following theorem concerning the radius of convexity of order ρ for functions in the class T* c(a, β). The details of the proof of Theorem 9 are omitted.
REMARK 7.
The characterization of the extreme points of the general class Τ* ^ Ν {α, β) enables us to solve the standard extremal problems in the same manner as was done for the special class T* c (α, β). The details involved may be left as an exercise for the interested reader.
